Switchable coupling between charge and flux qubits 
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We propose a hybrid quantum circuit with both charge and flux qubits connected to a large 
Josephson junction that gives rise to an effective inter-qubit coupling controlled by the external 
magnetic flux. This switchable inter-qubit coupling can be used to transfer back and forth an 
arbitrary superposition state between the charge qubit and the flux qubit working at the optimal 
point. The proposed hybrid circuit provides a promising quantum memory because the flux qubit 
at the optimal point can store the tranferred quantum state for a relatively long time. 



I. INTRODUCTION 

Charge and flux qubits are two different types of su- 
perconducting Josephson-junction (JJ) qubits for quan- 
tum computing (see, e.g., Ref. [l]). The charge qubit^ 
has the advantage of more flexible controUability via ex- 
ternal parameters; it can be conveniently controlled by 
the gate voltage and the applied magnetic flux. Namely, 
these parameters control the longitudinal (ctz) and trans- 
verse (ax) terms in the reduced Hamiltonian of the charge 
qubit. As for the flux qubit,— the longitudinal term can 
be controlled by the applied magnetic flux, but it is hard 
to control the transverse term via an external parameter. 
In spite of this limitation, experiments'* demonstrate that 
the flux qubit has a longer decoherence time than the 
charge qubit. Indeed, this is one of the major advantages 
for the flux qubit. 

Here we propose a hybrid quantum circuit by connect- 
ing a large JJ to both charge and flux qubits. This large 
JJ serves as a bosonic data bus. By virtually exchanging 
bosons between the data bus and the qubits, a a^cTz- 
type interaction is produced between the charge and flux 
qubits. Equivalently, this inter-qubit coupling is achieved 
as if the large JJ acts as an effective inductance. Indeed, 
charge qubits can be coupled by an inductance and the in- 
ductive coupling is switchable via either the applied mag- 
netic flus^i^ii or the current biasing the large JJ that acts 
as an effective nonlinear inductance.^'* The advantage of 
this switchable inter-qubit coupling has been taken for 
proposing an efficient quantum computingi^ Also, flux 
qubits can be coupled by an inductance^''^'^ but the 
inter-qubit coupling is not switchable. To achieve con- 
trollable coupling between flux qubits, it was proposed 
to use variable-frequency magnetic fields applied to the 
qubits>i^ii^ 

The hybrid quantum circuit proposed here has the ad- 
vantages of both charge and flux qubits. For instance, 
taking an advantage of the charge qubit, the coupling 
between the charge and flux qubits becomes switchable 
by varying the magnetic flux applied to the charge qubit. 
Also, it is easy to prepare an arbitrary superposition state 
for the charge qubit. Moreover, as we will show below. 



this arbitrary state can be conveniently transferred to 
the flux qubit using the controllable coupling between 
the charge and flux qubits. More importantly, in this 
case the flux qubit works at the optimal point and it 
has a relatively long decoherence time. This remarkable 
advantage of the flux qubit assures that the state trans- 
ferred to the flux qubit can be stored for a longer time. 
Also, when needed, this stored state can be easily trans- 
ferred back to the charge qubit. These features indicate 
that this hybrid circuit is suitable for a quantum memory. 

II. THE MODEL 

The hybrid quantum circuit we consider is shown in 
Fig. 1, where a charge qubit and a flux qubit is coupled 
by a large J J. The phase drops across the JJs in the two 
qubits are coupled to the phase drop 7 across the large 
JJ: 

^['^ - A'^ - 7 + 27r/i = 0, 

^(2)_^(2)+^(2)+^ + 27r/2=0, (1) 

where the reduced magnetic fluxes are given by fi — 
^ei/^o, with i = 1,2. Here $0 is the magnetic flux 
quantum and $ei, i = 1,2, are the magnetic fluxes ap- 
plied to the charge and flux qubits, respectively. The 
Hamiltonian of the system is 

H ^ Hi+H2+Hra. (2) 

Here Hi is the Hamiltonian of the charge qubit in the 
presence of the (middle) large JJs^ 

Hi = Eci{n - Ug f - 2Eji cos ^tt/i - cos ip, (3) 

where Ed = e'^/Cj is the charging energy of the su- 
perconducting island in the charge qubit, n ~ —id/dip, 
"9 = C'3Vg/2e, and ip = ^{(p^^'' -\- ipi^^^). 

The Hamiltonian of the flux qubit in the presence of 
the large JJ is given by^ 

H2 = TTVT + ^ + 2£;j2(l - cos (fip cos (fig) 
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FIG. 1: (Color online) Schematic diagram of a hybrid quan- 
tum circuit with the charge (left) and flux (right) qubits con- 
nected to a large (middle) Josephson junction (JJ). In the 
charge qubit, the two JJs have the same Josephson cou- 
pling energy Eji and capacitance Cj. In the flux qubits, 
two JJs have the same Josephson coupling energy Ej2 and 
capacitance C/; the third J J has a smaller Josephson cou- 
pling energy aEj2 and capacitance aCf, where 0.5 < a < 1. 
The large JJ in the middle has the Josephson coupling en- 
ergy Ejo and capacitance Co- For the ideal hybrid circuit, 
Ejo ^ Ej2 ^ Eji. Here the arrow near each J J denotes 
the chosen direction for the positive phase drop across the 
corresponding junction. 



where 



+aEj2 [1 - cos {2ipg +-f + 27r/2) 



Pfe = ~ihd/d(pk, k=p,q, 



(4) 



p - 2Cf ($o/27r)^ 



Mg^Mp{l + 2a). 



The redefined phases cpp and (pq are cpp = ^(f/?!^'' + ^'2^) 



(5) 



and ipq = ^{(p'l ^ ~(P2 
large JJ reads 



(2)n 



The Hamiltonian of the middle 



Hr, 



ErO N 



Ejo cos 7, 



(6) 



where Eco = (2e)2/2Co is the charging energy of the large 
JJ and N = ~id/dj. 

We expand the potential in each qubit Hamiltonian 
into a series. When the middle JJ that couples the charge 
and flux qubits is large enough, one can retain the terms 
up to the first order of 7 (cf. Ref. 0). The total Hamil- 
tonian is then reduced to 



H — He + Hf + H„ 



int 1 



(7) 



where He = iJi(7 = 0) is the Hamiltonian of the charge 
qubit without coupling to the large J J and Hf = iJ2(7 = 
0) is the Hamiltonian of the flux qubit without coupling 
to the large JJ. The interaction Hamiltonian Tfint bew- 
teen the two qubits and the large JJ is 



H, 



£0 

"27r 



(8) 



where the circulating supercurrents in the (left) charge 
and (right) flux qubits are given, respectively, by 



h = /cisin(7r/i)cosi^, 

I2 = -alc2 sin(2i^g -I- 27r/2), 



(9) 



with Ici = 2'kEjJ^o, i = l,2. 

When the charge states |0) and |1) are used as the basis 
states, the Hamiltonian He can be reduced to (see, e.g., 
Refs.iandi) 



where 



ei{Vg) = -EeiiCgVg/e-l), 
Ai = i;,/iC0s(7r/i). 



(10) 



(11) 



The two charge states |0) and |1) correspond to zero and 
one extra Cooper pairs in the superconducting island, 
respectively. The circulating supercurrent Ii is reduced 
to 



h = ^^ci sin(7r/i )cri^). 



(12) 



Using the basis states | t) and | |) corresponding to the 
states with maximal clockwise and counter-clockwise per- 
sistent supercurrents in the flux qubit, one can reduce the 
Hamiltonian Hf to (see, e.g., Ref. i 1 ij) 



where 



(13) 



(14) 



and A2 is the tunneling amplitude of the barrier in the 
double-well potential. The circulating supercurrent I2 is 
reduced to 



/2= 



(15) 



where Ip is the maximal persistent supercurrent of the 
flux qubit. 

The middle JJ connecting the charge and flux qubits 
behaves like a particle with mass Mq — 2($o/27r)^Co, 
trapped in a cosinoidal potential — i?,7oCOS7. Because 
this JJ is large, it can be approximately regarded as a 
harmonic oscillator: 



Hm = TwOpO^a, 



with the plasma frequency 



UJv 



V^EjqEc 



The boson operator is defined as 

a=iC/2)^ + i{l/20N, 



(16) 



(17) 



(18) 
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with 



1/4 



V 2Eco , 

Thus, the phase drop 7 can be written as 

1 / t 
7 = - (a' +a). 



(19) 



(20) 



Substituting Eq. (j20p into the interaction Hamiltonian 
([5]), one can write the total Hamiltonian of the hybrid 
circuit as 



H — Ho+ Hint, 



(21) 



where 



i/o-ei(K,)aW-AiaW 

+62(^2) <J^^'> - A2ai^^ +hLjpa^ a, (22) 



and 



with 



Fir 



(.9ioaW+g20^f ) («Ua), (23) 



gio = ($o/27r) (/ei/20 sin(^/i), 

320 = (*o/27r) (/p/C) . (24) 

This total Hamiltonian is analogous to two qubits sepa- 
rately coupled to an optical mode in a quantum cavity. 

III. EFFECTIVE INTER-QUBIT COUPLING 

Here we consider the case with the plasmon energy 
splitting hujp much larger than the qubit energy splitting 
hujq. Now the rotation- wave approximation cannot be 
used since the condition ujp -\- ujg ^ ujp — iVq, required for 
the rotation-wave approximation, is not satisfied here. 
Below we show that an effective interaction between the 
two qubits can be generated. Actually, because the plas- 
mon energy splitting is much larger than the energy split- 
tings of the qubits, the harmonic oscillator can be as- 
sumed to remain in the ground state, irrespective of the 
coupling of the large JJ to the qubits. Therefore, an ef- 
fective inter-qubit interaction is achieved by exchanging 
virtual bosons between the large JJ and the qubits. 

In the interaction picture, the system evolves as 

\^{t))=Uit,0)\^m, (25) 
where the evolution operator, up to second order, readsi^ 



U{t,0) = l + - / Vi{h)dh 

^) lo'^^^ lo ^^(^i^^^(^2)rfi2 . (26) 



The interaction operator Vi{t) is 

Vi{t) = Ul{t)Hi,Mt) 

with Uo{t) — cxp{—iHot). 
Here we use the basis states: 



(27) 



|M'3„)^|e«,5^^))®|n), 
|M'4„) = |e«,e(2))®|n), 

where Ig*-*-*) and je^*-*) are the ground and excited states 
of the qubit i (? = 1, 2), and \n) corresponds to the state 
of the harmonic oscillator with n bosons. Equation 
can be written as 



1 /■* 

C/(<,0) = 1 + - / F{h)dh 
iri Jo 



2 rt j-ti 

dti / G{h,t2)dt2, (28) 
Jo 



where 



and 



Gih,t2) = J2 \'i'^n^){'^'^m\VI{h)J2\^^Jn){'i'Jn\ 
Xl^Ki2)El*fcp)(*fcp|, 



(30) 



with i, J, k = 1, 2, 3 and 4, and m,n,p = 0, 1,2,.. .. After 
tedious calculations and neglecting the fast oscillatory 
terms, we have 



where 



with 



(31) 



(32) 



^ ^ 2ffioff20 ^ / £0 \ /ci/psin(7r/i) ^^^^ 



huir, 



2tt 



2Ejo 



The reduced interaction Hamiltonian VcS corresponds to 
an effective coupling between the two qubits after elimi- 
nating the degree of freedom of the large JJ. 

Converted to the Schodinger picture and neglecting the 
fast oscillatory terms, the total Hamiltonian is then re- 
duced to 

+e2($2)af)-A2a(2)+x4'^^f^. (34) 
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It is interesting to note that the resulting inter-qubit cou- 

i- (1) (2) • r 

phng xfi imphes 

an inductance of value 



pling X implies that the large J J can behave like 



L.i = 



(35) 



(36) 



where /co = 27r£^jo/<i>o. To see this, one can directly 
use the expressions, Eqs. ([T2l) and (fT5|) . of the circulat- 
ing supercurrents li, i = 1,2, for charge and flux qubits 
and calculate the inductive inter-qubit coupling using the 
inductance Lj: 

Ljhh = iL,//ci/pSin(7r/i)4i)a(2) 

This is just the inter-qubit coupling given in Eqs. 

In particular, when — 0, the charge qubit has 
no loop current and the coupling between the charge and 
flux qubits is switched off. 



IV. QUANTUM MEMORY 

Below we show a typical two-qubit gate achieved using 
Hamiltonian ([M]) . This gate is called iSWAP and can 
be conveniently used to transfer an arbitrary unknown 
state of the charge qubit to the flux qubit working at the 
optimal point. 

Let $ei = ^^0, with i = 1,2, so that Ai(<I>ei) = 
£2(^62) = 0. Moreover, we choose a suitable gate voltage 
Vg to have £i{Vg) = — A2 = —A, The Hamiltonian 
is reduced to 



H 



-Aai^'^ - Act, 



(2) 



(37) 



With the basis states \0g), jiff), |0e) and |Ie), the two- 
qubit evolution operator U = exp(—iHt/h) can be writ- 
ten as 



U 




(38) 



where 



a — cos(fit) — i 

b — cos(xt), 
c = -isin(xt), 

n ' 

withf7 = (4A2 + x^)^/^ 

When cos(f2r) = 1 and sin(xT) 
operation is an iSWAP gate: 



2Asin(r2t) 



(39) 



-1, the two-qubit 



f/i; 



SWAP 



1 \ 
i 
i 
0001/ 



(40) 



This gate can be achieved by choosing fir 
XT = (2m — ^)7r, which requires that 

X 4m — 1 
n ~ An ' 



: 2m: and 

(41) 
1/8 when 



where m,n — 1,2,3,.. .. For instance, x/^ 
m = 1 and n = 6, which gives x/^ ~ 0.25. 

In order to transfer an arbitrary superposition state of 
the charge qubit to the flux qubit, we first prepare the 
flux qubit at the ground state \g) and then apply the 
iSWAP gate to the two-qubit system. This gives rise to 



(a\Q)+P\l))\g)=^\Q)[a\g)+iP\e)). 



(42) 



Furthermore, to convert j/?|e) to /3|e), one can just freely 
evolve the flux qubit for a time t = 7r?i/4A2 after the in- 
teraction with the charge qubit is switched off (by choos- 
ing $ei = 0). This corresponds to applying a one-qubit 

rotation exp (^/^20^^i/T^ on the flux qubit for the time 

t — 7r?i/4A2. After this free evolution of the flux qubit, 
one has 



a|g)+z/3|e)=^(a|<?)+/3|e)). 



(43) 



up to a global phase factor that produces no effect on the 
quantum state. Therefore, an arbitrary unknown state 
q;|0) -|-/3|1) of the charge qubit is finally transferred to the 
flux qubit as a\g) + /3|e). Because the flux qubit works 
at the optimal point and it has a relatively long deco- 
herence time, the above operations provide a promising 
way to achieve a quantum memory that stores the quan- 
tum information for a longer time in the flux qubit. Also, 
when needed, the quantum information stored in the flux 
qubit can be converted back to the charge qubit by just 
successively applying the above operations in the reverse 
manner. 

Finally, we estimate the coupling strength between the 
charge and flux qubits. For instance, one can choose 
-Ejo = 5Ej2. Typically, the flux qubit has an energy 
splitting A2 ~ 0.02i?j2 when a ~ 0.75 and the maximal 
persistent supercurrent is Ip ~ 0.5/c2 = 7ri?,/2/$o- If the 
Josephson coupling energies are chosen as Eji = 0.0AEj2 
for both charge and flux qubits, the inter-qubit cou- 
pling strength is x 0.002i?j2; when Eji = 0.lEj2, 
X ~ 0.005£^j2. Thus, one has x in the range of 0.6 GHz 
^1.5 GHz for a typical Josephson coupling energy Ej2 = 
300 GHz. This inter-qubit coupling strength is strong 
enough for achieving a fast two-qubit operation used for 
the quantum memory. Moreover, for x ~ 0.005£'j2 and 
A = A2 w 0.02£:j2, one has x/A 0.25, which corre- 
sponds to Eq. (j4ip with m — 1 and n — Q. This implies 
that the iSWAP gate is achievable by choosing suitable 
parameters for the hybrid quantum circuit. 



V. CONCLUSION 

In conclusion, we have proposed a hybrid quantum cir- 
cuit where both charge and flux qubits are connected to 
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a large J J. This large J J gives rise to an effective induc- 
tive coupling between the charge and flux qubits, which 
is switchable via the magnetic flux applied to the charge 
qubit. Moreover, the resulting inter-qubit coupling can 
be used to transfer an arbitrary superposition state of 
the charge qubit to the flux qubit working at the optimal 
point. This hybrid circuit provides a promising quantum 
memory because the flux qubit at the optimal point can 
store the tranferred quantum state for a long time. 
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